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Abstract - During a fuel injection cycle pressure inside Combination Electronic Unit Pump (CEUP) 
fuel injection system varies from low (~50 bars) to very high (~1500 bars) in fractions of seconds 
depending on the operating conditions. Physical properties of fuel including density, acoustic wave 
speed and bulk modulus also vary as a function of rapidly varying fuel pressure. A detailed analysis of 
these key fuel properties with our improved frequency dependent model with viscous damping developed 
in MATLAB is presented for both diesel and biodiesel fuel Rapeseed Methyl Ester (RME). Quantitative 
analysis of developed model confirms that model predictions are quite realistic and accurate across 
range of operating conditions of diesel engine. 
 
Index terms: Density, Acoustic wave speed, Bulk modulus, Frequency dependent damping, Diesel, Rapeseed 
Methyl Ester. 
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I. INTRODUCTION 
 
CEUP is an efficient high pressure [1-6] fuel injection system used for heavy duty and marine 
diesel engines. It consists of combination of high pressure pumps, solenoid control units, fuel 
pipe lines and mechanical injectors. CEUP fulfills Chinese strict emission requirements [1] 
regarding air pollution which is a health risk especially in urban areas [7]. 
Pressure wave modeling in viscous fluids using wave equation has been utilized to investigate 
pressure in common rail system [8], study the effects on propagation of ultrasonic waves [9,10] 
and the influence of viscous damping [10]. Based on these investigations a viscous damped 
mathematical model has been developed whose pressure predictions inside fuel pipeline of CEUP 
are relatively more accurate for majority of operating conditions of diesel engine [4,5]. Frequency 
dependent models [9-12] confirm that attenuation in pressure wave varies with frequency and it 
increases with the increase of frequency.  
Density, dynamic viscosity, acoustic wave speed and bulk modulus of diesel and biodiesel fuel 
varies as a function of varying pressure [13-15]. Polynomial expressions for these physical 
properties of diesel [13,16] and RME [13] fuel with varying pressures up to 160MPa and more 
have been also suggested. 
In this paper density, acoustic wave speed and bulk modulus for diesel and RME fuels have been 
investigated thoroughly using 1D frequency dependent viscous damped pressure wave model [9-
12] developed in MATLAB which has also been reported earlier [6]. Lab experiments have been 
carried out on CEUP fuel injection system at various operating conditions of diesel engine with 
both diesel and RME fuels. Experimentally measured pump side and injector side pressures have 
been used as Dirichlet boundary conditions for mathematical model. Dynamic variations of key 
fuel properties including density, acoustic wave speed and bulk modulus with varying pressures 
have also been incorporated using polynomials [13] in developed mathematical model. 
Mathematical model has been validated by comparison with our AMESim numerical model [4,5] 
and quantitatively analyzed by using model evaluation statistical techniques like “Root Mean 
Square Error” (RMSE) and “Index of Agreement” (IA) [17]. 
Rest of this paper is organized as follows. Experimental setup is described in section II. 1D 
frequency dependent viscous damped mathematical model, flow chart of modeling and validation 
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of mathematical model is presented in section III. Model predictions have been quantitatively 
analyzed in section IV whereas simulated results of key fuel properties are explained in Section 
V. Conclusions are made in Section VI. 
 
 
II. EXPERIMENTAL SETUP 
 
Experimental setup of CEUP fuel injection system is shown in figure 1 [1-6]. Pressures at pump 
and injector sides have been recorded at locations indicated in figure 1 at combination of 
operating conditions mentioned in table 1. Measured pump side and injector side pressures have 
been used to validate CEUP AMESim numerical model as well as set of Dirichlet boundary 
conditions for 1D mathematical model [4-6]. 
 
 
Figure 1.  Experimental setup of CEUP fuel injection system 
 
 
Table 1: Operating conditions for experiments 
 
Cam Rotational Speed
(rpm) 
Cam Angle
(°CA) 
Pipe length  
(m) 
500, 700, 900, 
1100 and 1300 
2,6,10 
and 14 0.47 
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III. MATHEMATICAL MODEL, FLOW CHART AND VALIDATION 
 
Following assumptions have been considered for mathematical modeling 
1. Flow of fuel inside pipe is always laminar with Reynolds number less or equal to 2300. 
2. Pressure propagation inside fuel pipeline is unidirectional i.e. from pump side towards the 
injector side. Pressure propagation across cross section of pipe is neglected and considered 
constant across the cross section of fuel pipeline. 
3. Fuel is considered as Newtonian fluid. 
4. Cavitation inside pipeline is neglected. Negative pressures have been reduced to zero where 
ever required. Fuel is also considered free from air bubbles.  
5. Fuel pipeline wall is rigid, smooth and with constant dimensions. Losses at the boundaries 
due to physical interactions are neglected. 
6. Temperature has been considered constant throughout simulations. i.e. effect of temperature 
on pressure wave has been ignored. 
1D mathematical model of pressure wave using wave equation has been developed in MATLAB. 
Experimentally measured pump and injector pressures have been used as Dirichlet boundary 
conditions. Pressure wave inside pipe can be described by following viscous damped wave 
equation [4-6,8-12] 
             
2 2
2
2 2
4
3
d P d P d Pc
d t dx dx dt

 
3
2                                                                              (1) 
where P, c, η and ρ are pressure, acoustic wave speed, absolute or dynamic viscosity and density 
respectively. Equation (1) can be written as 
             
2 2 2
2 2 2 2
1 0d P d P d d P
dx dt dt dx

     
                                                                    (2) 
where χ be called as damping parameter and is given as 
             2
4
3
                                                                                                                 (3) 
Initial and Dirichlet boundary conditions are  
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                                                  (4) 
where Pinitial, Ppump and Pinjector are initial pressure, AMESim pump side and injector side 
pressures respectively. L and T are total length of fuel pipeline and total time of simulation results 
respectively. 
Following general function represents the solution of equation (1) [6,12]. 
             ( )( , )  = cos( ) sin( )i t xP x t P e P t x i t x                                               (5) 
where |P|, ω and γ are amplitude, angular frequency and complex circular wave number 
respectively. Angular frequency represents the scalar measure of rotation rate of pressure wave in 
radians. Angular frequency is related to frequency f by ω = 2πf. Whereas wave number is the 
spatial frequency of the pressure wave P(x,t) and can be imagined as number of waves over a 
specific distance. 
Wave number can be obtained by taking d2P/dt2, d2P/dx2 and d2P/dt2 of equation (5) and putting 
in equation (2) [6,12] 
             1,2
1
1
                                                                                                      (6) 
Equation (6) can be represented in its imaginary and real parts corresponding to decaying and 
oscillation of wave propagation respectively. Positive imaginary part represents the frequency 
dependent damping near pipe wall [12]. 
                
2 2 2 2
1,2 2 2 2 2
1 1 1
2 1 2 1
i
        
         
1                                              (7) 
Real part of the equation (7) is the oscillatory factor whereas the imaginary part is the decay 
factor of wave number γ. For the wave to be decaying and propagating towards the right side the 
decaying factor i.e. imaginary part should be positive Img(γ) ≥ 0 and oscillatory part i.e. real part 
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should be negative Real(γ) < 0. Therefore positive imaginary part of wave number (γ) given by 
equation (7) characterizes the frequency (ω) dependent damping near the pipe wall [12]. Wave 
number (γ) is matched with the damping parameter χ by the following relation [12]. 
               2 2 1i i
                                                                                               (8) 
Equation (8) shows that frequency dependent damping parameter as compared to frequency 
independent damping parameter shown in equation (3). Dynamic variations of keys fuel 
properties including density, acoustic wave speed and bulk modulus during fuel injection process 
and varying pressures have been included using following empirical formulas [13]. 
             
2
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                                                               (9) 
where D, C and M are density, acoustic wave speed and bulk modulus polynomial coefficient 
respectively. D0, D1, D2, C0, C1, C2, M0, M1 and M2 for diesel fuel is 839.4, 0.483, -5.32x10-4, 
1359.35, 4.05, -5.0x10-3, 1.54x109, 1.07x107 and -2.69x103 respectively and for RME fuel they 
are 879.379, 0.484, -5.630x10-4, 1405.698, 3.691, -4.0x10-3, 1.7328x109, 1.0545x107 and -
2.838x103 respectively [13]. 
Effect of various frequencies on pressure wave profile predicted by our developed model has 
been reported before [6]. After comparison of predicted results with AMESim numerical model 
we observe that effect of valid frequencies on pressure wave profile is not linear. Affect of lower 
to mid range frequencies i.e. 4MHz to 20MHz on wave profile is more prominent as compared to 
mid to high range frequencies i.e. 20MHz to 40 MHz. Therefore more weight should be given to 
valid low to mid range frequencies. However, giving equal weights to all valid frequencies and 
calculating the pressure by averaging out at all calculated frequencies is the basic approach. 
Determining the weighted effect of these frequencies on pressure wave profile requires 
experimental investigation for specific frequencies in CEUP system. A simplest approach is by 
allocating logarithmic weighing to all valid frequency range for CEUP system. A more simplified 
and selective approach is to consider more frequencies in lower-mid range as compared to mid-
high range as reported earlier [6]. Figure 2(a-e) shows comparison of the average, selective 
503 
 
INTERNATIONAL JOURNAL ON SMART SENSING AND INTELLIGENT SYSTEMS VOL. 7, NO. 2, JUNE 2014 
 
weighing [6] and logarithmic weighing with previously developed viscous damped and AMESim 
numerical model of pressure in CEUP fuel pipeline at few operating conditions. 
Whether average, selective or logarithmic weighing is used, we can deduce from the figure 2(a-e) 
that frequency dependent viscous damped model predictions are more coherent with AMESim 
numerical model as compared to viscous damped numerical model. 
 
   
(a)       (b) 
 
    
(c)       (d) 
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(e) 
Figure 2.  Comparison of average, selective and weighted frequency dependent damping model 
with viscous damped model and AMESim model at (a) 500rpm and 10°CA (b) 700rpm and 6°CA 
(c) 900rpm and 14°CA (d) 1100rpm and 10°CA (e) 1300rpm and 6°CA 
 
Figure 3(a-e) shows some validation results of the developed model with selective weighing in 
addition to previously reported results [6] by comparing it with AMESim numerical model 
results. The comparison confirms improvement in predicted results. Simulated results at only five 
operating conditions i.e. 500rpm and 6°CA, 700rpm and 10°CA, 900rpm and 14°CA, 1100rpm 
and 6°CA and 1300rpm and 2°CA are shown in figure 3(a-e). 
 
    
(a)       (b) 
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(c)       (d) 
 
 
(e) 
Figure 3.  Comparison of AMESim and MATLAB predicted pressures at (a) 500rpm and 6°CA 
(b) 700rpm and 10°CA (c) 900rpm and 14°CA (d) 1100rpm and 6°CA (e) 1300rpm and 2°CA 
 
Figure 4 is a flow chart that has been followed for MATLAB modeling of frequency dependent 
viscous damped pressure wave mode in CEUP pipeline. Pressure has been calculated separately 
for boundaries and rest of the pipe area. This is due to the fact that centered difference 
approximations pressure from neighboring locations which are located outside the pipe 
boundaries have to be replaced by valid locations inside the pipe while calculating pressures at 
the boundaries. 
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Figure 4.  Flow chart for MATLAB modeling 
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IV. QUANTITATIVE ANALYSIS OF MODEL PREDICTIONS 
 
Predicted pressures by mathematical model have been quantitatively analyzed and compared with 
AMESim model predictions by using model evaluation statistical techniques RMSE and IA 
[5,17] for both diesel and RME fuels. 
Figures 5(a) and 5(b) show RMSE for diesel and RME fuel respectively. Maximum of 38.78 bar 
and 32.7 bar of RMSE is observed for diesel and RME at 1300 rpm, 14 °CA and 900 rpm, 14 
°CA as shown in figures 5(a) and 5(b) respectively. It has also been observed that at higher cam 
rotational speeds and at higher cam angles RMSE is relatively higher. RME comparison of this 
model with our previously developed model [5] shows that RMSE of current model at all 
operating conditions are lower for diesel fuel. 
Similarly figures 6(a) and 6(b) show IA for diesel and RME fuel respectively. Minimum of 0.919 
bar and 0.948 bar of IA is observed for diesel and RME at 1100 rpm, 2 °CA as shown in figures 
6(a) and 6(b) respectively. It has also been observed that at low cam angles with particularly 
higher cam rotational speeds IA is relatively higher. IA comparison this model with our 
previously developed model [5] shows that IAs of current model at all operating conditions are 
higher for diesel fuel. 
Quantitative analysis also confirms that current developed mathematical model pressure 
predictions are more coherent with AMESim numerical model for CEUP fuel pipeline. 
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(a) 
 
 
(b) 
Figure 5.  RMSEs of mathematical model for (a) diesel fuel (b) RME fuel model 
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(a) 
 
 
(b) 
Figure 6.  IAs of mathematical model for (a) diesel fuel (b) RME fuel model 
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V. ANALYSIS OF KEY FUEL PROPERTIES 
 
Variation in the both diesel and RME key fuel properties including density, acoustic wave speed 
and bulk modulus as a function of varying pressures have also been reported earlier [5,6]. 
Improved and more accurate simulated results at 11 different and equidistant points along the fuel 
pipeline at all combinations of operating conditions mentioned in table 1 have been summarized 
before [6] but presented here in detail. Simulated results only in the middle of fuel pipeline are 
discussed at different cam rotational speeds in the following. 
 
a. 500 rpm 
 
Figure 7(a-d) shows simulated results for densities, acoustic wave speeds and bulk moduli 
profiles of both diesel and RME fuel at 500 rpm and 2°CA, 6°CA, 10°CA and 14°CA 
respectively. 
Maximum simulated density, acoustic wave speed and bulk modulus for diesel fuel at 500 rpm 
are 878.888 kg/m3, 1685.741 m/s and 2.495 GPa at 14°CA respectively. Whereas maximum 
simulated density, acoustic wave speed and bulk modulus for RME fuel at 500 rpm are 922.057 
kg/m3, 1723.966 m/s and 2.756 GPa at 14°CA respectively. 
 
 
  
(a)       (b) 
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(c)       (d) 
Figure 7.  Variations in density, acoustic wave speed bulk modulus at 500rpm and (a) 2°CA  
(b) 6°CA (c) 10°CA (d) 14°CA  
 
b. 700 rpm 
 
Figure 8(a-d) shows simulated results for densities, acoustic wave speeds and bulk moduli 
profiles of both diesel and RME fuel at 700 rpm and 2°CA, 6°CA, 10°CA and 14°CA 
respectively.  
Maximum simulated density, acoustic wave speed and bulk modulus for diesel fuel at 700 rpm 
are 889.673 kg/m3, 1772.950 m/s and 2.790 GPa at 14°CA respectively. Whereas maximum 
simulated density, acoustic wave speed and bulk modulus for RME fuel at 700 rpm are 933.573 
kg/m3, 1806.422 m/s and 3.077 GPa at 14°CA respectively. 
 
  
(a)       (b) 
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(c)       (d) 
Figure 8.  Variations in density, acoustic wave speed bulk modulus at 700rpm and (a) 2°CA  
(b) 6°CA (c) 10°CA (d) 14°CA  
 
c. 900 rpm 
 
Figure 9(a-d) shows simulated for densities, acoustic wave speeds and bulk moduli profiles of 
both diesel and RME fuel at 900 rpm and 2°CA, 6°CA, 10°CA and 14°CA respectively.  
Maximum simulated density, acoustic wave speed and bulk modulus for diesel fuel at 900 rpm 
are 896.165 kg/m3, 1824.790 m/s and 2.978 GPa at 14°CA respectively. Whereas maximum 
simulated density, acoustic wave speed and bulk modulus for RME fuel at 900 rpm are 944.104 
kg/m3, 1879.688 m/s and 3.400 GPa at 14°CA respectively. 
 
 
  
(a)       (b) 
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(c)       (d) 
Figure 9.  Variations in density, acoustic wave speed bulk modulus at 900rpm and (a) 2°CA  
(b) 6°CA (c) 10°CA (d) 14°CA  
 
d. 1100 rpm 
 
Figure 10(a-d) shows simulated results for densities, acoustic wave speeds and bulk moduli 
profiles of both diesel and RME fuel at 1100 rpm and 2°CA, 6°CA, 10°CA and 14°CA 
respectively.  
Maximum simulated density, acoustic wave speed and bulk modulus for diesel fuel at 1100 rpm 
are 900.736 kg/m3, 1860.883 m/s and 3.117 GPa at 14°CA respectively. Whereas maximum 
simulated density, acoustic wave speed and bulk modulus for RME fuel at 1100 rpm are 944.045 
kg/m3, 1879.211 m/s and 3.399 GPa at 14°CA respectively.  
 
  
(a)       (b) 
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(c)       (d) 
Figure 10.  Variations in density, acoustic wave speed bulk modulus at 1100rpm and (a) 2°CA  
(b) 6°CA (c) 10°CA (d) 14°CA  
 
e. 1300 rpm 
 
Figure 11(a-d) shows simulated results for densities, acoustic wave speeds and bulk moduli 
profiles of both diesel and RME fuel at 1300 rpm and 2°CA, 6°CA, 10°CA and 14°CA 
respectively.  
Maximum simulated density, acoustic wave speed and bulk modulus for diesel fuel at 1300 rpm 
are 905.087 kg/m3, 1895.070 m/s and 3.253 GPa at 14°CA respectively. Whereas maximum 
simulated density, acoustic wave speed and bulk modulus for RME fuel at 1300 rpm are 948.752 
kg/m3, 1911.111 m/s and 3.555 GPa at 14°CA respectively. 
 
  
(a)       (b) 
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(a)       (b) 
Figure 11.  Variations in density, acoustic wave speed bulk modulus at 1300rpm and (a) 2°CA  
(b) 6°CA (c) 10°CA (d) 14°CA  
 
In all operating conditions we have observed that profiles of these key fuel properties of both 
fuels are nearly similar at same cam angle but different from other cam angles and fuel. Moreover 
density, acoustic wave speed and bulk modulus increase with the increase of cam angle and that 
RME fuel has higher values than those of diesel fuel.  
 
VI. CONCLUSIONS  
 
Detailed analysis of key fuel properties including density, acoustic wave speed and bulk modulus 
for both diesel fuel and Rapeseed Methyl Ester (RME) inside Combination Electronic Unit Pump 
(CEUP) fuel pipeline has been investigated using frequency dependent viscous damped wave 
equation developed in MATLAB. 
Comparison of predicted pressures with our previously developed model and quantitative analysis 
show that developed model predictions are more accurate. 
Maximum simulated density, acoustic wave speed and bulk modulus for diesel fuel are 905.087 
kg/m3, 1895.070 m/s and 3.253 GPa at 1300 rpm and 14°CA respectively. Whereas maximum 
simulated density, acoustic wave speed and bulk modulus for RME fuel are 948.752 kg/m3, 
1911.111 m/s and 3.555 GPa at 1300 rpm 14°CA respectively 
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